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Abstract 

We characterize convex isoperimetric sets in the Heisenberg group endowed 
with horizontal perimeter. We first prove Sobolev regularity for a certain class 
of M^-valued vector fields of bounded variation in the plane related to the cur- 
vature equations. Then, by an approximation-reparameterization argument, 
we show that the boundary of convex isoperimetric sets is foliated by geodesies 
of the Carnot-Caratheodory distance. 



1 Introduction 

We identify the Heisenberg group H with = C x M endowed with the group law 

{z,t){z',t') = {z + z',t + t' + 2lmzz'), (1.1) 

where t,t' ^ W, z = x + iy, z' = x' + iy' G C and Imzz' = yx' — xy'. The Lie algebra 
of left-invariant vector fields is spanned by 

d d d d d 
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and the distribution spanned by X and Y, called horizontal distribution, generates 
the Lie algebra by brackets. 

The natural volume in H is given by the Haar measure, which, up to a positive 
factor, coincides with Lebesgue measure in M^. Lebesgue measure can also be 
recovered as the Riemannian volume induced by the left-invariant metric for which 
X, Y and T are orthonormal. We denote the volume of a measurable set A C EI by 
ViA) = C^A). 

The horizontal perimeter (or simply perimeter) of a measurable set A C HI is 



V{A) = sup jy (Xy^i + Y^2) 



(1.3) 



If V{A) < +00, the set A is said to be of finite perimeter. Perimeter is left-invariant 
and 3-homogeneous with respect to the group of dilations 5a : H — > EI given by 



:i.4) 



that is V{Sx{A)) = X^V{A). Definition p.3|) of perimeter, which is modelled on 
De Giorgi's notion of perimeter in Euclidean spaces, was introduced in |GNj (see 
also IFCtWI ). If A is smooth (e.g. of class C^), the perimeter coincides with the 
Minkowski content and with the 3-dimensional Hausdorff measure, precisely 



V{A) 



lim 

eiO 



V(A,) - V{A) 



S'^idA). 



:i.5) 



Here, A,, is the ^-neighbourhood of A with respect to Carnot-Caratheodory distance 
(we recall the definition in Section |21), and is the spherical 3-Hausdorff mea- 
sure, properly normalized, defined by means of the same distance. The equality of 
perimeter and Minkowski content is proved in [MSCj. the equality of perimeter and 
is proved in |FSSCj . Perimeter also admits an integral-geometric representation 
formula (see IMl). 



:i.6) 



Volume and perimeter are related via the isoperimetric inequality 



ViA) < cV{A) 



4/3 



where c > is a constant and A C EI is any measurable set with finite perimeter and 
volume. This inequality is proved by P. Pansu in [Plj and [P2 for smooth domains, 
with S'^{dA) instead of P(A). A set A C H with < V{A) < +00 is called an 
isoperimetric set if it minimizes the isoperimetric ratio 



X{A) 



:i.7) 



The existence of isoperimetric sets is proved by Leonardi and Rigot in |LRj by a 
concentration-compactness argument. Pansu notes that the boundary of a smooth 
isoperimetric set has "constant mean curvature" and that a smooth surface has "con- 
stant mean curvature" if and only if it is foliated by horizontal lifts of plane circles 
with constant radius. Then he conjectures that an isoperimetric set is obtained by 
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rotating around the center of the group a geodesic joining two points in the center. 
Recently, Pansu's conjecture reappeared in |LMj . 

Up to a left translation, the conjectured isoperimetric sets are rotationally sym- 
metric, i.e. they are invariant with respect to isometrics which leave the center 
invariant. However, the non commutative group law makes it difficult to prove by 
rearrangement or symmetrization that the isoperimetric ratio ()1.7|) is minimized by 
rotationally symmetric sets. 

Assuming rotational symmetry, it is easy to determine the isoperimetric profile, 
as shown in I Mol and |DGNlj in some special cases, and in |RRlj in the general 
case. In fact, it suffices to assume the rotational symmetry of a certain horizontal 
section (see |DGN2j and [^). Isoperimetric sets can be also determined assuming 
regularity instead of symmetry. This is an important new result due to M. Ritore 
and C. Rosales. In |RR2j . they prove Pansu's conjecture for isoperimetric sets 
of class C^, without any symmetry assumption. However, a regularity theory for 
isoperimetric sets in the Heisenberg group does not yet exist (but see jCHMYj and 

IMI). 

It is worth mentioning that a 2-dimensional version of the problem is formulated 
and solved by the first author and Morbidelli in |MMj . In this setting, isoperimetric 
sets coincide with the section of the set ()1.8|) below with the y = plane, properly 
scaled and translated. Finally, we refer the reader to the monograph ^CDSTJ for a 
more detailed introduction to the isoperimetric problem in the Heisenberg group. 

In this article, we characterize isoperimetric sets in the class of convex sets. A set 
C C EI is convex if it is convex with respect to the usual vector space structure of 
M^. We do not assume any symmetry or regularity besides convexity. 

Theorem 1.1 (Convex isoperimetric sets). Up to a left translation and a dila- 
tion, any convex open isoperimetric set in M coincides with the set 

|(z,t) G e I |t| < arccos|z| + \z\^/l - |z|2, \z\ < l| . (1.8) 

The set in (|1.8|) is foliated by Heisenberg geodesies (see Section |2I), it is globally of 
class C^, but it fails to be of class at the north and south poles (0, ±7r/2). At 
these points, the plane spanned by the vector fields X and Y, the horizontal plane, 
is tangent to the boundary of the set. 

In the first part of the paper, we describe the characteristic set of a convex set 
C C H. We say that a point p G dC is characteristic if the horizontal plane at p is a 
supporting plane for C at p and we write p G S(C). We show that S(C) = E~ UE+, 
where S~, E+ are two closed, disjoint, horizontal segments (possibly points). This 
is Theorem 13.51 in Section |21 

In Section 4, we derive the curvature equations by a variational argument. We 
consider a convex set 

C = {{z,t) eM\zeD, f{z) < t < g{z)], (1.9) 
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where C is a closed convex set in the plane with nonempty interior, and 
—g, f : D ^ K. are convex functions. The intersection of with the graph of / 
is a union of two (possibly empty) line segments. We denote its projection onto the 
xy-plane by S(/). 

If C C H is isoperimetric, then the function f : D ^ M. satisfies the partial differ- 
ential equation 

(|V/(--) + 2-|j = iv(C) 

in int(Z^) \ S(/). Here z = {x,y) and z-^ = {—y,x). The curvature operator in 
()l.in|l has been studied by several authors (besides the previous references, see also 
e.g. IM], |Pi2l, PTY] ). The number 

^-4V(co ^^-^^^ 

is the (horizontal) curvature of dC, and the equation states that the boundary of a 
convex isoperimetric set has constant curvature in a weak sense. 

If we write u{z) = V f{z) + 2z^, then we can interpret equation (|l.iup as an equation 
for the distributional derivative of u/\u\, which is a measure. In Sectional we prove 
that this measure is absolutely continuous. In other words, we get an improved 
regularity along horizontal directions for the boundary of convex isoperimetric sets. 
This result is a corollary of the following regularity theorem for BV vector fields. 

Theorem 1.2 (Improved regularity). Let C be a bounded open set and let 
u G BV{VL]M?) be a vector field. Suppose that: 

i) There exists 6 > such that \u{z)\ > 6 for C^-a.e. z G fi; 

ii) divM^ G L^{^); 

Then G W^^^{^\^^). 

In the reconstruction argument for isoperimetric sets in Section ^[ we also need to 
work with graphs of the form x = h{y,t), where /i : — » R is a convex function 
defined on some bounded convex set E <0 M."^ with nonempty interior. For these 
graphs, the partial differential operator related to the horizontal curvature is a bit 
more complicated than the one appearing in ()1.1U|) (see equation ()4.8|) ). In Theorem 
15.11 we prove a more general version of Theorem II. 2[ which includes both curvature 
operators above as special cases. 

The improved regularity of the boundary is the starting point for the geometric 
characterization of convex isoperimetric sets. A first interesting consequence of 
Theorem II. 21 is the stability of the curvature with respect to smooth approximations, 
which is proved in Sectional 
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Theorem 1.3 (Stability of the curvature). Let Q CM? be a bounded open set, 
let f G Lip(fi) be a Lipschitz function such that V/ G BV{fl; M?) and denote by 
fs G C°°{Qe) the standard mollification of f , with = {2; G | dist(z,(9fi) > e}. 
We consider the vector fields 

u{z) = Vf{z) + 2z^ and Ue{z) = Vf,{z) + 2z^. (1.12) 

Assume that: 

i) There exist 5 > and eq > Q such that \u{z)\ > 5 for C?-a.e. 2; G f2 and 
\^e{.A\ — ^ /'^'^ ^ ^ ^e, < e < Eq; 

div(^^) G L\n). 

Then 



lim 

e-+0 



K 



div( — ^ I — divf -; — r 



u^\/ \\u 



dz = (1.13) 



for any compact set K C Q. 



The vector field v{z) = -u^{z) = 2z - Vf^{z) belongs to 5Moc(int(L'); M^) if 
/ : D ^ M is convex. Moreover, its distributional divergence is in L°°, in fact 

divt; = 4 inint(L'). (1.14) 

Therefore, we can use the theory on the Cauchy Problem for vector fields of bounded 
variation recently developed by Ambrosio in This theory extends the work of 
DiPerna and Lions on the fiow of Sobolev vector fields ( |DLj ) to the BV setting. 
The bound on the divergence ensures the existence of a unique regular Lagrangian 
fiow ^ : K X [— g, g] D {g > small enough) relative to v starting from a compact 
set K C mt{D). For C^-a..e. z C K, the curve s ^ ^{z, s) is an integral curve of v 
passing through z at time s = 0. 

In Sections [71 |H1 and El we show that £^-a.e. integral curve of v is an arc of circle. 
Since the horizontal lift of the fiow $ foliates the graph of the function /, it follows 
that the boundary of the convex isoperimetric set is foliated by geodesies. 

Theorem 1.4 (Foliation by circles). Let C C M. be a convex isoperimetric set 
with curvature H > 0. Then, for C'^-a.e. z C K, the integral curve s ^{z,s) is 
an arc of circle with radius 1/H. 

The precise version of this result is Theorem 17.21 in Section [7| In Theorem 17.31 we 
prove an analogous result for graphs of the form x = h{y,t). We give two different 
proofs of these theorems. The proof in Section |H1 is based on the stability property 
of regular Lagrangian flows and on the stability property ()1.13p of the curvature. 
Here, we describe the proof contained in Section IHl which is based on the Sobolev 
regularity for u/\u\ of Theorem 11.21 and on the regularity of the Lagrangian flow. 

The vector fleld v has a regular Lagrangian flow ^ : K x [—g, g] ^ D but is only in 
SVioc(int(L');M2). On the other hand, v/\v\ is in W^^^iintiD); R^), but its diver gence 
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is only in Ll^^{mt{D)) . In order to compute the second order derivative of a generic 
integral curve of v, we introduce suitable reparameterizations 7(5) = ^{z,t{s)). In 
Theorem 19.11 we show that for any vector field w G iy^'^(f2;M^) defined in some 
open neighbourhood Q of K, the curve n{s) = w{'~f{s)) is in W^'^ (for C^-a.e. z G K) 
and moreover 

k = {Vw o 7) 7 in the weak sense. (1-15) 

Using the chain rule ()1.15|) with w = v/\v\, we can give a pointwise meaning to 
equation ()1.10|) along the flow, and the integral curves of v turn out to be arcs of 
circles. The proof of Theorem 17. 31 given in SectionElis based on the same technique. 

We combine Theorem 17.21 and Theorem 17.31 in Sectional where we finish the proof 
of Theorem 11.11 



2 Preliminaries 

We can identify the horizontal plane spanned by the vector fields X and Y at the 
point p = with the xy-plane 

Ho = {(2,0) G H I 2 G C}. 

The yt-plane is the subgroup {{z,t) G H | Re^; = 0}. In general, if p = {z,t) G H, 
we define the horizontal plane at p as the left translation of Hq with p, that is 

Hp = pHo = {{z + z',t + 2lmzz') G H | 2' G C}. 

The base point p is uniquely determined by Hp. The plane Hp is the boundary of 
the two halfspaces 

Hp- = {(z',t')GH|t'<t + 2Im^z'}, 

H+ = {{z',t') eM\t'>t + 2lmzz'}. ^ ' ' 

We equip the tangent bundle TEI with the left invariant inner product (■ , ■) which 
makes X, Y and T orthonormal. An absolutely continuous path 7 : [0, 1] ^ EI is 
said to be horizontal if 7(5) G span]g{X(7(s)), F(7(s))} for a.e. s G [0, 1]. The curve 
7 = (71, 72, 73) is horizontal if and only if 

73(5) = 73(0) + 2 / (7172 - 7271) da. (2.2) 

We call the plane curve n = (71, 72) the horizontal projection of 7. If k = (71, 72) is 
a given plane curve, then a curve 7 = (k, 73) with 73 given by (j2.2p for some 73(0) 
is called a horizontal lift of n. 

The sub-Riemannian length of 7 is 

L(7)= [\%s),^is)y/'ds= ['\k{s)\ds, (2.3) 
Jo Jo 
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where k is the horizontal projection of 7 and \k\ is the Euchdean length of k G M^. 
A path 7 : [0, 1] — > EI is said to be admissible for a given pair (po)Pi) G H x HI 
if 7(0) = 7(1) = P15 and 7 is an absolutely continuous, horizontal curve. The 
Carnot-Caratheodory distance of points po;Pi G H is 

d{po,pi) = inf (1(7) I 7 is admissible for {po,Pi)}- 

The open Carnot-Caratheodory ball of radius r centered at p G HI is denoted by 
Bd{p,r). The distance d induces the Euclidean topology on H. The metric space 
(HI, d) is complete, locally compact and geodesic. 

Geodesic curves (i.e. lenght minimizing curves between points) can be computed 
explicitly, by minimizing the length functional on the right hand side of (|2.3|) subject 
to the constraint ()2.2|) with s = 1. Take points Po = and pi = {z, t) G H. We have 
the following cases: 

1) If t = 0, the geodesic 7 : [0, 1] ^ HI connecting to pi = (2;, 0) is the line 
segment 7(5) = (sz,0), s G [0, 1]. 

2) If if: > and -2 7^ 0, the geodesic connecting to pi = (2;, t) is the horizontal 
lift (starting at 0) of the arc of circle from to z in the a;|/-plane (oriented 
clockwise), such that the plane region bounded by the arc and by the segment 
joining to 2; has area equal to t/4. This geodesic is unique. 

3) If t > and z = 0, the geodesic from to pi = (0, t) is not unique. Take any 
full circle (oriented clockwise) passing through and with area equal to t/4. 
The horizontal lift of the circle (starting from 0) is the desired geodesic. 

The case t < is similar and the case po 7^ is obtained by left translation. If the 
arc of circle in 2) and 3) has radius < i? < +00, we say that the geodesic has 
curvature H = 1/R. 

The union of all geodesies joining (0,— 7r/2) to (0,7r/2) of case 3) bounds the 
isoperimetric set conjectured by Pansu. The horizontal lift of the plane circle 
k{s) = |(1 + cos s, — sin s) , s G [— 7r,7r], passing through the point (1,0,0) G HI 
at time s = is the curve 7 : [— vr, tt] ^ HI 

7(5) ~ 2^''' ~'~ '^'^^^^ ~ siii-^' ^ + sins). (2.4) 

The third coordinate can be computed using formula ()2.2j) . The curve 7 is a geodesic 
with curvature H = 2, starting from 7(— vr) = (0,0,— 7r/2) and reaching 7(71) = 
(0,0,7r/2). If {z,t) = 7(5) G 7([— 7r,7r]) is a point on the curve, then we have 

/l + coss\i/2 1 
1^1 = 2 J t=-[s + sms), 

and we obtain the relation |t| = arccos \z\ + |-2|a/1 — \z\'^. We call the set 

C2 = \{z,t) G H I |t| < arccos 1^1 + \z\^l - \z\ < l| (2.5) 
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isoperimetric bubble with curvature H = 2. The boundary of C2 is a compact surface 
which is obtained by rotation of the generating curve (j2.4p around the t-axis. This 
surface is globally of class C^, but fails to be of class at the characteristic points 
(0,±vr/2). 

We conclude this preliminary section with the following representation formula for 
perimeter. If A C EI is a bounded open set such that dA is a Lipschitz surface, then 

V{A)= [ ^{X-uf + {Y-ufdn\ (2.6) 

JdA 

where i/ is a unit normal to OA. Here and in the following, ■ denotes the standard 
inner product in or (we think of X and Y as vectors in M?). Ti^ is the 2- 
dimensional Hausdorff measure in (with respect to the usual Euclidean distance). 
For a proof of formula ()2.6|) . see |FSSCj . 

3 Characteristic set of convex sets and convex 
functions 

A set C C HI is convex if it is convex with respect to the standard convexity of as a 
vector space. Note that this notion is invariant with respect to affine transformations 
of M^. In particular, it is invariant with respect to left translations, dilations and 
isometrics of {M.,d). Given p G dC and a plane vr C EI passing through p, we say 
that vr is a supporting plane for C at p if vr fl C C dC. The property of being a 
supporting plane for some convex set C is a local property. The characteristic set 
of C is 

S(C) = {p G dC I Hp is a supporting plane for C at p}, 
where Hp is the horizontal plane with base point p. 

Lemma 3.1. Let C C EI 6e a convex set such that Bd{p,ri) C C C Bd{p,r2) for 
some p G EI and suitable < ri < r2. Then there exists a sequence {Ck}km of 
strictly convex sets of class C°° such that Bd{p,ri/2) C C Bd{p,2r2) for all 
sufficiently large A; G N and Ck ^ C as k 00 with respect to the Hausdorff 
distance. 

Proof. After a left translation, we can assume that p = 0. Consider the functions 
fk = Xi/k * (S' + I ■ P/^)) where x is a smoothing kernel and g is the homogeneous 
convex gauge function associated to C. Then each is a smooth, strictly convex 
function, and the sets = {j9 G M'^ | fk{p) < 1} have the required properties. □ 

Lemma 3.2. If C C EI zs a convex, bounded open set with C°° boundary, then 

S(C) 0. 

Proof. For p G dC, let us denote by V{p) G TpdC the orthogonal projection of the 
vector field T onto TpdC with respect to the left invariant inner product (■,■). Since 
dC is diffeomorphic with the sphere S"^, there exists p G dC such that V{p) = 0. 
Hence TpdC = Hp, and therefore p G S(C). □ 
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Lemma 3.3. If C (1 M. is a strictly convex, bounded set, then S(C) contains at 
most two points. 

Proof. Let po, pi G S(C) be two characteristic points such that po ^ p\. After a left 
translation, we can assume that = and p\ = {zi, ti) with ti > 0. The convex set 
C is contained between the horizontal planes Hp^ and Hp^ . By strict convexity of C, 
the relative interior of the line segment S = {{szi, sti) G EI | < s < 1} connecting 
Po with pi is contained in the interior of C. Moreover, letting p^ = {szi,sti), we 
have 

dC = {po,Pi}U U dCnHp^. 

0<s<l 

Note that, by strict convexity, dC fl Hp^^ = {pq} and dC fl Hp^ = {pi}. 

Using the property p G Hp/ if and only if p' G Hp, we deduce that if p G dC fl Hp^ 
with < s < 1, then p^ G Hp and Hp is not a supporting plane of C, because Ps 
belongs to the interior of C. It follows that S(C) = {po, pi}. □ 

Proposition 3.4. For all < ri < r2, there is e > 0, such that, for any convex 
set C CM with Bd{p,ri) C C C Bd{p,r2) for some p E M., there exist points 
Po, pi G with d{po,pi) > e. 

Proof. We first assume that C is a strictly convex set with C°° boundary. By 
Lemmas 13.21 and 13.31 S(C) contains at least one and at most two points. After a 
left translation and an isometry, we have po = E S(C) and C C H^. 

There exist r > and a smooth, strictly convex function 

f : {z eM.^ \ \z\ <r} ^ R, 

such that /(O) = 0, f{z) > for < \z\ < r, and {z, f{z)) G dC for all z. 

Denote by V the orthogonal projection of the vector field T onto T(9C with respect 
to the left invariant inner product (■,■), and let W be the projection of V onto the 
x?/-plane. Here and in the following, when we speak of a projection onto the xy- or 
yt-plane, it is understood that the projection is orthogonal in the Euclidean sense. 
Thinking of IV as a mapping IV : G | |z| < r} — > M^, we have 

W{z)-^M±1^ for all. 
l + \Wf{z) + 2z^^ 

Observe that {z, f{z)) G S(C) if and only if V f{z) + 2z-^ = 0. Hence is the unique 
zero of ly in G I \z\ < r}, provided that r > is small enough. Let 

K := {z eM.^ \ \z\ < r/2} . 

Let drf denote the radial derivative of /. By strict convexity of /, the mapping 
F : dK given by 

F(z) = + 

\Vf{z) + 2z^ 
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satisfies 

\z\ 

Hence F and the Gauss map G 

index(l^, 0) = index(iy, 0) = degree(F, OK) = degree(G, OK) = 1. (3.1) 

If V had only one zero on dC, then the Poincare-Hopf index theorem would give 
index(l^, 0) = x{C) = x{S^) = 2, where x denotes the Euler-Poincare characteristic. 
In view of (j3.H) . this is not possible. 

Thus S(C) = {po, pi} consists of exactly two points. We can assume that pq = 0. We 
show that d{po,pi) > s for some e > 0. There exists an interior point p = {z,t) & C 
such that \z\ < a and t > /5 for some a = a(r2) < +oo and P = /3(ri,r2) > 0. Let 
S = {{sz, st) I < s < 1} be the line segment connecting po = E S(C) with p. As 
in the proof of Lemma f3. 31 we have S(C) fl }i(sz,st) = for all < s < 1. Therefore 

s(C)nHp- = {0}. 

Moreover, Bd{0,e) C H~ for some e > depending on a and p. 

Now assume that C is only convex. By Lemma f3. 11 there exists a sequence {Ck}km 
of strictly convex sets of class C°° such that ri/2) C C Bd{p,2r2) for 

all /c G N and Ck C with respect to the Hausdorff distance. From the first 
part of the proof, we know that there exist sequences {j9fc,o}fcgN and {pk,i}keN with 
Pk,o, Pk,i £ S(Cfc) and d{pkfi,Pk,i) > e > for all G N. Passing to subsequences 
and relabelling if necessary, we can assume that these sequences converge to limit 
points po, pi with the desired properties. □ 

Definition 3.1. A line i is horizontal if £ C Hp for one (equivalently: all) p E I. K 
horizontal segment is a segment of a horizontal line. 

Theorem 3.5 (Characteristic set). // C C H a convex open set, then S(C) 
admits the decomposition S(C) = U where S^, S+ are two closed, disjoint, 
horizontal segments (possibly points). Moreover, if E int(C), then Hq separates 
from S+. 

Proof. Without loss of generality, we can assume G int(C). We define the convex 
sets 

C- = Cn}iQ and C+ = CnH+. 

If p G dC' n Ho = dC+ n Ho with p ^ 0, then G Hp 7^ Ho and consequently 
Hp n int(C±) ^ 0. It follows that S(C±) n Hq = {0}, and, by Corollary El there 
exist points p~,p~^ such that G S(C^) fl int (Hq ). The relative interior of the 
line segment connecting with p~ , respectively p^, is contained in the interior of 
C~, respectively C^. Then the same reasoning as in the proof of Lemma f3.3l gives 

S(C-) = {0}U (S(C-) nHp-) and S(C+) = {0} U (S(C+) n Hp+) . (3.2) 

Let p G S(C^) n Hp- with p 7^ p^. Since fj3.2|) must hold with p instead of p~, 
it follows that S(C^) fl Hp- is contained in a horizontal segment. By compactness 



^^^^'^ >0 ondK. 



\Vf{z) + 2z^\ 
: OK — s> S*^ are homotopic. It follows that 
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and convexity, there exists a closed, bounded, horizontal segment S~ such that 
E(C~) nHp- — T,~. Similarly, we can show that E(C+) nHp+ = E+ for some closed, 
bounded, horizontal segment E+. Neither E~ nor E+ intersects Hq. 

Finally, we show that E(C) = E" U E+. E(C) n Hq = implies E(C) C E" U E+. 
On the other hand, p e E~ U E+ imphes p e E(C) (locality). □ 

We recall some definitions concerning convex functions. Let ^2 C be a convex 
open set and let / : Q — > IR be a convex function. The subdifferential df{q) of / at 
e is the (nonempty) set 

dfiq) = {q* e I fiq') - /(g) > g* ■ (g' - g) for all g' G fi} . (3.3) 

The property of belonging to the subdifi'crcntial is a local property. It is well known 
that / is locally Lipschitz continuous in Q, that df{q) = {V/(g)} if and only if / is 
differentiable at g e Q with gradient V/(g) and that V/ G ST4oc(^; I^^)- Moreover, 
we have the following 

Lemma 3.6. Let Q C &e a convex open set, let f : ^ M. be a convex function 
and let {fk}km be a sequence of convex functions : Q — > R which converges to 
f locally uniformly in Q. Given a compact set K C sequences {gfejfcgN in- K 
and {g^jfeGN with ql G dfk{qk) for all A: G N, there exist q E K, q* & df{q) and 
subsequences {qki}ieN, {^fcjjieN? such that g^j — g and q^^ — >• g*. 

Let C be a bounded, convex compact set in H with nonempty interior. The projec- 
tion D oi C onto the xy-plane 

D = G I there is t G R such that(z, t) G C} 

is a convex compact set in R^, and there are functions /, : — > R, with / convex 
and g concave, such that C — {{z,t) G H | ^ G -D, f{z) < t < g{z)}. We have 
f < g in int(I?). If z G dD, then f{z) < g{z), possibly f{z) < g{z). 

Definition 3.2. The characteristic set E(/) of / is the set of points z E D such 
that the horizontal plane Hp at the point p — {z, f{z)) G R^ x R is a supporting 
plane for C. 

Remcirk 3.1. A computation shows that 

z G E(/) nint(D) <^ -2z^ G 9/(z). (3.4) 

Proposition 3.7 (Lower bounds I). Let f2 C int(D) be an open set and let {/£}£>o 
be a family of smooth convex functions in such that fe^f locally uniformly and 
V/e — > V/ in L\^^{yi; R^) as e [Q. Then, for any compact set K C. Q, \ E(/), there 
are constants S > and £o > such that 

\Vf,(z)+2z^\>5 (3.5) 

for all < e < Eq and all z & K. Consequently, 

\Vf{z) + 2z^\>S (3.6) 

for C^-a.e. z e K. 
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Proof. Suppose by contradiction that the pair (5, ^o) does not exist. Then, by 
Lemma EISl there are sequences {fejken, {zk}km and {V fei,{zk)}km such that 
Zk ^ z e K and V feS^k) ^ -2z^ G df{z). This imphes z E by (HOj) . 

contradicting the assumption K fl = 0. □ 

Similarly, the projection E oi C onto the yt-p\ane 

E = {C G I there is x G M such that(x, C) e C} 

is a convex compact set in M? and there are functions h, k : E ^ M., with /i convex 
and k concave, such that C = {(a;,C) E M. \ ( E E, h{Q < x < k{()Y We have 
h<k in int(E). If C e dE, then /i(C) < k{C), possibly h{C) < k{C). 

Definition 3.3. The characteristic set of h is the set of points C ^ E such 

that the horizontal plane Hp at the point p = {h{Q,() G M x is a supporting 
plane for C. 

Remark 3.2. A computation shows that 

C = {y, t) e n int(E) ^ y^O and {h{C)/y, l/{2y)) e dh{C). (3.7) 

Proposition 3.8 (Lower bounds II). Let Q C int(i?) be an open set and let 
{^e}e>o be a family of smooth convex functions in Q such that ^ h locally 
uniformly and V/ie V/i in Ll^^lQ^M."^) as e i 0. Then, for any compact set 
K <ZQ\J](^h), there are constants 6 > and Eq > 0, such that 

I {dyh, - 2h,dthe, 1 - 2ydth,) I > S (3.8) 

in K for all < e < sq- Consequently, 

I {dyh - 2hdth, 1 - 2ydth) \ > 6 (3.9) 

C'^-a.e. in K. 

Proof. For some > the functions h^, Q < s < Eq, are uniformly bounded and 
uniformly Lipschitz continuous in some open neighbourhood of K. Therefore, if 
r > is sufficiently small, we have 

\l-2ydthe\ > 1/2 

in i^' n {|?/| < r} for < £ < ^o- By ()3.7|) and Lemma EiH there exists (5i > such 
that 

\{dyK-h,/y,dtK-l/{2y))\>5i 

in K r\ {\y\ >r} for Q < e < Eq, with a possibly smaller Eq. Hence there exists 
(^2 > such that the condition \dths — l/{2y)\ < S2 implies \dyhi; — hi;/y\ > 5i/2 and 
\2h,{dth, - l/(2y))| < 5i/4, whence 

\dyhe - 2hAh,\ > \dyK - K/y\ - \2h,{dth, - l/{2y))\ > 5i/4. 

The claim follows with 6 = min{l/2, (5i/4, 2r62}- □ 
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We conclude this section with the following observation. 

Lemma 3.9 (Uniqueness). Let C C H 6e a convex compact set with nonempty 
interior. Suppose that there exist two geodesies contained in dC and with curvature 
H > passing through a point p G dC. Then they coincide in a neighbourhood of p. 

Proof. We can assume p = 0. Let L > and let 70, 71 : [—L, L] dC be geodesies 
parameterized by arc length, with curvature H > and such that 7o(0) = 71 (0) = 0. 
If 7o(0) = 7i(0), then 70 = 71. Assume by contradiction that 7o(0) 7^ 7i(0). Then 
Ho is a supporting plane for C. (This is true also in the case 70 (0) = —71(0)). But 
this is not possible, because 7o(s) G {t > 0} for s G (0, L] and 7o(s) G {t < 0} for 
SG[-L,0). □ 



4 Curvature equations for convex isoperimetric 
sets 

We derive partial differential equations for certain vector fields built from functions 
which parameterize the boundary of convex isoperimetric sets. These equations 
state that the boundary of a convex isoperimetric set C C H has constant horizontal 
curvature. We study two different curvature equations: the equation for graphs of 
the form t = f{x,y) and the equation for graphs of the form x = h{y,t). We call 
the number H = 3V{C) /AV{C) the horizontal curvature of C (curvature for short). 

Graphs of the form t = f{x,y). In this subsection, we denote the elements of 
e = ]R2 X M by {z, t) with t eR and z = {x, y) G M^. We write z^ = {-y, x). Let 
C be a convex set in H of the form 

C = {{z,t) em\zeD, f{z) < t < g{z)}, (4.1) 

where D C is a convex compact set in the plane with nonempty interior, and 
—g, f : D are convex functions. 

Proposition 4.1 (Curvature equation I). If C (1 M. is a convex isoperimetric 
set with perimeter V{C) and volume V{C), then the function f : D satisfies in 
distributional sense the partial differential equation 

d.vf^((4±^Ui/ (4.2) 

\\Vf{z) + 2z^J ^ ' 

m mt{D) \ S(/), wzth H = 3V{C)/AV{C). 

Proof. By Theorem 13.51 the characteristic set S(/) C is a union of two (possibly 
empty) closed line segments. Let ip G C^(int(Z^) \ S(/)) and for e G M, consider 
the set 

C, = {{z,t) EM] z e D, f{z)+eip{z)<t<g{z)}. 

The set Ce is nonempty when \e\ is sufficiently small. We write V{e) = V{Ce), 
V(e) = ViCe) and X{e) = P(£)7V(£)='. 
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If the set C minimizes the isoperimetric ratio T{C) = P(C)^/V(C)^, then the func- 
tion 2{e) has a minimum at £ = 0, and therefore we have the equation 



3 



X'(0) = ^(4P'V-3PV') 



= 0. (4.3) 

£=0 



There exists > such that 

V{e) = - / <^{z)dz for \6\ < Sq. (4.4) 

Moreover, denoting by 

Ss = {{z,f{z)+e^{z))eIl\zeD} 
the graph of the function f + eip and by 

(V/ + £V<^,-1) 



(1 + |V/ + £V¥P|2) 



1/2 



the exterior unit normal to (defined Ti^-a.e. on S^), from the Heisenberg Area For- 
mula (j2.6|) and from the standard Area Formula for graphs of functions in Euclidean 
spaces, we find 



= ^ I \Vf{z)+eVv{z) + 2z^\dz. 
de Jd 



(4.5) 



By Proposition 13. 71 for each compact set K C int(Z}) \S(/), there is 5 > such that 
|V/(z) +2z^\ >5 for C?-a..e. z e K. Then |V/(;z) + eVip{z) + 2z^\ is essentially 
bounded away from in a neighbourhood of spt(v9) when \e\ is small enough and 
we can interchange derivative and integral in the second line of (j4.5j) . At e = we 
obtain 

From and (gH) we find 

for arbitrary ip E C^{mt{D) \ S(/)). This is (Q. □ 

Graphs of the form x = h{y,t). In this subsection, we denote the elements of 
M = R X R2 by (x, C) with x e M and C = (y, t) G M^. Let C be a convex set in H 
of the form 

C = {(xX) emiCeE, hic) <x< fc(C)}, (4.7) 

where C is a convex compact set in the plane with nonempty interior and 
—k,h:E—^W are convex functions. 
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Proposition 4.2 (Curvature equation II). If C M. is a convex isoperimetric 
set with perimeter V{C) and volume V{C), then the function h : E ^ K. satisfies in 
distributional sense the partial differential equation 



{dy - 2hdt) (^) - 2ydt (^) = H (4i 



\u\/ \\u\ 
m mt{E) \ E{h), with H = 3V{C)/AV{C) and 

u = (ni, U2) = {hy - 2hht, 1 - 2yht). (4.9) 

Proof. By Theorem 13.51 the characteristic set S(/i) is the union of two (possibly 
empty) closed line segments. We have u G BV\oc{iiat{E)]M?) and, by Proposition 
13.81 for each compact set K C (mt{E) \ S(/i)), there exists 6 > such that \u\ > S 
C^-a.e. in K. Hence u/\u\ e 5Moc(int(E) \ S(/i);M2). 

Let (fi G C~(int(E) \ S(/i)). For any e eR consider the set 

C, = {{x,OeM\CeE, h{C) + e^iO <x< k{C)}, 

and let V{e) = V{C,), V{e) = V(C,) and I{e) = P(e)VV(£)3. 

Denoting by Ss = {{h{() + eip{(), () eM \ ( E E} the graph of the function h + e(p 
and by 

( - 1, V/i + eV(p) 



{l + \Vh + eVif\^Y^^ 

the exterior unit normal to (defined Ti^-a-.e. on Ss), from the Heisenberg Area 
Formula ()2.(ij] and from the standard Area Formula, we get 

V'{e) = ^ I ^{X-VsY + iY-VsYdn'' 

= ^ / (^{l-2y{ht + ey^t)Y +{ihy + ey^y)~2{h + e^)iht + e^t)Y^ dC 

(4.10) 

Let 5i > such that {hy - 2hhtf + (1 - 2yhtf > 5^ C? -a.e. in a neighbourhood 
C int(i?) \ S(/i) of spt ((/)). We can find £0 > such that the integrand in ()4.in|l 
is larger than 5i/2 £^-a.e. in i7 whenever \e\ < Eq. Then we can differentiate under 
the integral sign and we obtain 

p,.Q^ f {hy - 2hh^){^y - 2{^h\) - 2yy,(l - 2yh,) 

Je ^{hy - 2hhtY + (1 - 2yhtY 

at e = 0. A formal integration by parts yields 

^'(0) = (^(a,- 2/^9,) (^) -22/9, Q)) ^dC. (4.11) 

If the set C minimizes the isoperimetric ratio T{C) = P(C)^/V(C)^, then, as in 
fjO|l . we have 4P'(0)V(0) - 3P(0)V'(0) = 0. From this equation, from KWi and 
from 

v'(o) = - / viOdc, 



15 



we get 

4V(C) ^ (^{dy - 2hdt) (^) - 2ydt (^) ^^dC = W{C) j^v dC 
for arbitrary e C~(mt(E) \ This is (gSD- □ 



5 Improved regularity of the boundary 

We recall some general properties of BV vector fields. We refer the reader to |AFPj , 
chapter 3, for a detailed discussion and proofs. Let C be an open set. A vector 
field u G BV{VL\ M^) has approximate limit u{q) G at the point g G if 

limf \u-u{q)\dC'^ = (5.1) 

''iO JB(q,r) 

Here and in the following, B{q,r) denotes the open Euclidean ball of radius r cen- 
tered at q. The approximate limit (if it exists) is uniquely determined by (jOJ). The 
approximate discontinuity set of u is the set Su of points g G at which u has no 
approximate limit. The set Su is a Borel set with vanishing £^-measure. A point 
g G is an approximate jump point of u if there exist u^{q) G M^, u^{q) G and 
z/„(g) G such that u+(g) ^ u~{q) and 

lim-/ \u-u^{q)\dC'^ = 0, (5.2) 

where 

5±(g,r) = {g'GS(g,r) | ± (g' - g) ■ z/„(g) > O}. 

The triplet (^^(g), M~(g), ^'^(g)) is uniquely determined by ()5.2p up to multiphcation 
of Mu(g) with —1 and permutation of M"'"(g) and u~{q). The set Ju of approximate 
jump points is an ?-^^-rectifiable Borel subset of Su with H} {Su \ Ju) = 0. Moreover, 
there exist Borel functions u'^,u~ : J„ — > and i^u '■ Ju ^ S^ such that (j5.2|) holds 
at every q E Ju- The precise representative : 1] — > of m is defined as follows: 

q eQ\Su, 

q G Ju, (5.3) 
q e Su \ Ju- 

By the Lebesgue density theorem, u{q) = u*{q) for £^-a.e. q E fl- Notice that 
\u\ > 6 > C^-a-B- in Q implies 

|M(g)| >6 for all g G 11 \ Su and \u^{q)\ > 6 for all g G Ju- (5.4) 

By the Riesz representation theorem and the Lebesgue decomposition theorem, there 
exist vector- valued Radon measures D°'u and D'^u on Q such that Du = D"'u + D'^u 
with D"'u ^ and D'^m ± Then we have the decomposition 

Du = D^u + D'm + 



w*(g) 



u{q) 

■(n+(g) +M-(g)) 
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where 

D"m = Vm£2 (5.5) 

with Vm G L^{Q; AP^^) and M^^^ is the space of 2 x 2 matrices with real entries. 
We have u G W^'^{Q; M^) if and only if D^u vanishes. The Cantor part D'^u and the 
jump part D^u of D'^u are respectively 

D''u = D'u\_n\Su and D^u = D'u\_Su. 

By the representation theorem of Federer-Vol'pert and by the rank one theorem of 
Alberti, the measures D'^u and D^u admit the representations 

D^u = {u" -u')®Vu'M}^Ju and D% = r] ® ^ \D''u\, (5.6) 

where \D'^u\ is the total variation of D'^u and ?7, ^ : — » 5^ are suitable Borel maps. 
The measure \D'^u\ is absolutely continuous with respect to IH}. 

Finally, we need the chain rule for BV functions. Let F G C^{M?\ M^) be a mapping 
such that F(0) = and |VF| G L~(M2). The function = F o m is in M^) 
and V G L°°(n; B?) if u G M^). Moreover, we have 

D^'v = VF{u*)Vu C? and D^v = {WF{u*)r]) ^ (5.7) 

A point q E fl belongs to if and only if g G Jn and F(u+(g)) ^ F{u^{q)). What's 
more 

D^v = (F(u+) - F{u-)) ^UuH^l. Ju- (5.8) 

We are now in a position to prove our regularity theorem for vector fields with 
bounded variation arising from the parameterization of the boundary of convex 
isoperimetric sets. Let C be an open set and let a, 6 G C{VL) be continuous 
functions. We consider the differential operator M. defined by 

Mu = {di — ad2)ui + hd2U2. (5.9) 

We have M. = div when a = and 6 = 1. On the other hand, when a = 2h and 
b = —2y, M. is the operator appearing in the left hand side of ()4.8j) . 

Theorem 5.1 (Improved regularity). Let C &e a hounded open set, let 
u = {ui,U2) G BV{Q]M.'^) be a vector field, and let a,b E C{Q) be continuous 
functions such that 6 7^ in fl. Assume that: 

i) There exists 6 > such that \u{q)\ > 6 for C'^-a.e. q G Q; 
a) J^u^ G L^{^), where M"*" = {—U2,Ui); 

m) -^(^) e L\n). 

Then u/\u\ G W'^'^{Vt]M?) and there exists a function /i : J„ — > (0, +00), such that 
= ^u^ on Ju- 
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Proof. We claim that both the jump and the Cantor part of D{u/\u\) vanish. Let 
F : be a smooth mapping such that 

F(0) = 0, F(q) = ^ for Igl > - and IVFI G L°°(R2). (5.10) 

Notice that, if |g| > 6/2, the derivative of F has the form 

VF(g) = ® g^. (5.11) 

By assumption i), the vector field t> = F o m is in BV{Q] M?). By (j5.4p and (j5.8j) . its 
jump set is 

J, = {qEJu\ w+(g)/|w+(g)| ^ w-(g)/|w-(g)|} 
and its jump part is 

:] (^U^n^\-Ju. (5.12) 

Analogously, if D'^u = f] ^ \D'^u\ for Borel functions r],^ : fl ^ S^, then 

D% = {VF{u*)7]) ® ^ (5.13) 

by dEZD. 

By assumption ii), the part of the measure 

-diU2 + hd2Ui + ad2U2 

concentrated on vanishes. From the formula for D^u in (j5.6p . we can compute 
D-'^ui for fc, / = 1, 2, and we obtain 

{{1-I2 ~ "^^'2^)) b{ul — u^) + a('u-^ — ^2^)) ■ Uu = (5-14) 

7-^^-a.e. on J„. 

By assumption iii), the part of the measure 

{d,-ad2){uj\u\) + bd2{u2/\u\) 

concentrated on Jy vanishes. Thus, using ()5.12p . we can compute Z)^(m;/|m|) for 
k,l = 1, 2, and we get 



uf Ui au^ — aui — hu^ 



z/„ = (5.15) 



7-^^-a.e. on J^. 

From ()5.15j) and ()5.14|1 . we deduce that there exists A G M such that the following 
system of equations is satisfied Tt^-a.e. on J^: 



I"" I I"" I 



\u~^\ \u 



A [b{ui — Ui) + a{u2 — ^2 )) • 
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By elementary linear algebra, using b 0, we obtain the equivalent systems 







\u+\ 




ut 




\u+\ 




is • 


u+ -- 



(m+ - u~) = 0, 



\u \\u^\, Ti^-a-.e. on J^. It follows that u = fiu^ Ti^-a-.e. on 
for some n : ^ (0, +oo), and then = /\u~\ li}-a..e. on J^. This proves 

that n^{J^) = and thus D^v = 0. 

Now we prove that D'^v = 0. By assumption ii), the Cantor part of the measure 

-diU2 + hd2Ui + ad2U2 
vanishes. From D'^u = rj®^ \D'^u\, we can compute D^ui for k,l = 1, 2, and we find 

{-r]2,br]i + ar]2) ■ ^ = (5.16) 
\D'^u\-a:.e. on Q. By assumption iii), the Cantor part of the measure 

{di-ad2){ui/\u\) + bd2{u2/\u\) 

vanishes. Thus, letting -(9 = (t^i, 7^2) = ((^*)"'" ® ('W*)^)'?) we can use fj5.4|) . 1)5.111) and 
f)5.13|) to compute for A;, Z = 1, 2, and we find 

(^91,6^92 = (5.17) 

\D'^u\-a.e. on fi. From ()5.16p and ()5.17|) . we deduce that there exists A G M such 
that 

i9i = -Xr]2 ft^i = -A?72 

b-^2 - a^i = X{br]i + ar]2) \ih = Ar/i. 

Here we used 6 7^ 0. This, in turn, is equivalent with 

^■7]= {{(u*)^ {u*)^)ri) ■ri = 

|Z^^M|-a.e. on Q. Using the identity (((m*)^ (g) {u*)^)ri) ■ rj = [{u*)^ ■ r]f , we deduce 
that (m*)^ ■ = 0, and thus ((m*)^ {u*)-^^ri = as well. This proves that the 
expression {V F{u*)vi) ® ^ in ()5.13|) is equal to 0, whence D^v = 0. □ 

Theorem 15.11 has the following corollaries: 

Corollary 5.2. Let C C H &e a convex isoperimetric set and let f : D ^ M. be the 
function in ()4.1|) . Then we have 

^^^'^^''^ G<^,^(int(D)\S(/);R^). (5.18) 



±1 



\Vfiz) + 2z 

Proof. The vector field u{z) = {ui{z) , U2{z)) = Vf{z) + 2z-^ satisfies divw-*- = —4 
in int(D). Moreover, by Proposition 14.1) we have div(-u/|'u|) = if in int(D) \ S(/). 
The claim follows from Theorem 15 . 1 1 with a = and 6=1. □ 
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Corollary 5.3. Let C C H 6e a convex isoperimetric set and let h : E W be the 
function in (|4.7p . Then we have 

^ G <;^(int(E) \ {{y = 0} U S(/.)); R^), (5.19) 
with u = {ui,U2) = {hy — 2hht, 1 — 2yht). 

Proof. We use Theorem 15.11 with a = 2h and b = ~2y. The vector field u is in 
BVioc{int{E);R'^) and satisfies 

Mu^ = {dy - 2hdt){2yht - 1) - 2ydt{hy - 2hht) = 2/^^(1 + 2yht) E Li^,(int(E)). 

Moreover, by Proposition 14. 2^ u/\u\ satisfies in distributional sense 




in int(-E') \ S(/i), where if > is the curvature of C. We have 

e5VIoc(mt(E)\S(/i)) 
by Proposition 13.81 The claim follows from Theorem 15.11 □ 

Observing that 2yhy — 2h = 2y{hy — 2hht) + 2h{2yht — 1), from Corollary 15.31 we 
also get the following 

Corollary 5.4. Let C C H 6e a convex isoperimetric set and let h : E ^ be the 
function in ()4.7|1 . Then 

We conclude this section with a remark concerning smooth regularizations oi BV 
vector fields. Let x ^ C^(]R^) be a smoothing kernel with x ^ 0? x(Q') = if 
|g| > 1 and ||x||i = 1- For e > 0, let Xeil) = £~'^x{l/^)- Let fl be an open subset 
of and let m G L^(f2;R^) be an integrable vector field. Then, for any go iii 
fig = {g G f2 I dist(g; Sfi) > e}, denote by 

^^(^o) = / Xeiqo - q)u{q) dq (5.21) 
Jn 

the standard mollification of u at the point go- If m G BV{Q; R^), then 
limue(go) = M*(go) for H^-a.e. go G Q, 

where u* is the precise representative of u defined in (15. 3j) . In particular, if go G Ju, 
then M*(go) = |(M+(go) + M"(go)), where M'^(go) G R^ satisfy ()5.2|) . We need the 
following variant of this property: 



20 



Lemma 5.5. Let u E BV{ri;'R.'^) and let qi G 6e a fixed vector with \qi\ < 1. 
Then we have 



\i-mUe{qo + eqi) = u*{qo) for every qoeil\ S^. 



(5.22) 



Moreover, for all go ^ Ju, there exist numbers a, (3 E [0, 1] (which may depend on 
qo, qi and x), such that a + P = 1 and 



\imu,{qo + eqi) = au+{qo) + (3u (go)- 

ej.0 



(5.23) 



Proof. We prove only ()5.23p . the proof of ()5.22p being analogous. We assume with- 
out loss of generality that the point go G is and that the jump direction at 
is (0, 1). Let = u~^{0) and u~ = u~{0) be vectors such that (j5.2p holds at 0. Let 
= {g G I \sq-^ ^q\^e,q- (0, ±1) > 0} for £ > and let 



a 



Xe{.eqi - q) dq, [5=1 Xe{.eqi - q) dq. 

Bt Jb7 



(5.24) 



A change of variable shows that the definition of a and (3 does not depend on e > 0. 
Using we find 

Ue{eqi) = / Xeieqi - q){u{q) - u^) dq + au~^ 
Jb+ 

+ Xs{£qi-q){u{q) -u')dq + pu~. 



Now our claim (15.2311 follows from (15.211 and from 



Xeieqi - q){u{q) - u^) dq 



B±(0,2e) 



\u{q) — dq. 



□ 



6 Stability of the curvature 

Let f2 C be a bounded open set, let a,b E Lip(n) be Lipschitz functions and 
denote by G C°°(f2e) the usual mollification of a. We consider the differential 
operators and A4s defined by 



where u = {ui, U2), 



Mu = {di 
MeU = {di 




- ad2)ui + hd2U2 ■- 

- aed2)ui + hd2U2 




= tr(VM B), 
= tr(Vu5,), 




(6.1) 



(6.2) 
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and tr denotes the trace of the 2x2 matrices VuB and VuB^. 

Let / G Lip(f2) be a Lipschitz function and denote by G C°°(fie) the molhfication 
of /. We define the vector fields 

u = (dif - ad2f, bd2f) + uj and = {dife - aed2fe, hd2fe) + cu, (6.3) 
where uj G Lip(f2; M?) is a Lipschitz continuous vector field. 

Theorem 6.1 (Stability of the curvature). Let Vt (^M? he a hounded open set, 
let a,b & Lip{Q) with b ^ inQ, letuj & Lip(n; M^) and let f G Lip(fi) he a function 
such that V/ G BV{n; M^). Let u G BV{n; R^) and G BV{n,; M^) be the vector 
fields defined in ()6.3|) . Assume that: 

i) There exist 5 > and > such that \u{q)\ > 5 for L^-a.e. q E fl and 
\ue{q)\ > 5 for all q G Qe, < e < Eq; 

a) A4u^ G L^{^), where = {—U2,Ui); 
m) ^{^) e L\9). 

Then 




for any compact set K C Q. 

Proof. Let F : ^ be a smooth mapping satisfying ()5.in|l . let f = F o m and 
Ve = F o Ue- By (jniH), assumption iii) and ()5.7|1 . we have 

Mv = ti{(yF ou*)\/uB), MeVe=ti{(yFou,)VueB,), (6.5) 

where Vu G L^{Q; M^^^) is the density of the measure D"'u with respect to Lebesgue 
measure. We denote by Vw G L^(fi;M^^^) the density with respect to Lebesgue 
measure of the absolutely continuous part of the distributional derivative ofw = V/. 
Letting {} = (—a, b), {Is = {—as, b) and We = V/e, we have the relations 

Vu = B^vw + e with e = 82 f + Vio, 

Vus = BjVws + Qe with 9, = ^2 A V^9, + Vu;. ^^'^^ 
The gradient of is 

Vwe{q) = / Xe{q-q')dDw 
Jn 

for q E Qs, where 

Dw = D^w + D^w + D^w = VwC^ + D^w + {w+ - w') ® u^H^ L J^, 

by the decomposition formulae ()5.5j) - ()5.6|l . Thus we can split M-e^e in the following 

way: 

M,v, = tr ((VF o u,)e,B,) + MX + Mlv, + Mlv,, 
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where 

MtvM= [ Xe{q-q')tT{{VFou,)BjVw{q')B,) dq', 
Jn 

MtvM= [ Xe{q-q')tT{{yFou,)BldD'w{q')B,), 
Jn 

MivM = I Xe{q - q') ((VF o u,)Bj{w^{q') - w-{q'))) ■ M)B,) dn\q'). 

(6.7) 

Here, unless specified otherwise, the functions depend on the variable q. To get 
the last hne of ()6.7|) . we also used the identities A{C, (g) ri)Bs = (AC,) (g) {rf B^) and 
tr(^ (g)ri) =^-r]. 

Similarly, we have the decomposition 

Mv = tr ((VF o u*)QB) + tr ((VF o u*)B^VwB) . 

We claim that 

lim / \Miv,{q)\dq = 0. (6.8) 

There is a constant c > such that for g G and for all < e < Eq, we have 
|-B£(5')| < c. By Minkowski's inequality and a change of variable, we find 

/ \MivM\dq<cf f Xeiq-q')\'^FiuM)Bj{q)iw+iq')-w-{q'))\dqdn' 
Jk J jJ k 

<c\\x\\ooi [ \VF{ue{q' + eq))B^{q' + eq){w+{q')-w-{q'))\dqdn\ 

where J'^ is the intersection of with a compact set i^' C which is independent 
of < e < £0 (we choose a smaller Eq if necessary). Since the function in the last 
integral is uniformly bounded, we can invoke dominated convergence and pass to 
the limit e J, inside the integral. 

If g' G Jw^ then, by ()5.23|) . we have 

lim We (g' + eq) = aw^{q) + Pw~{q'), 

for suitable a, (3 E [0, 1] which depend on q', q and x- This implies 
lim VF(ue(g' + eq)) = VF{au+{q') + /3u-{q')), 

where, according to (|6.3|) and (j5.8|) . = (wf — awf,bwf) + to. On the other 
hand, by Theorem 15.11 we have u/\u\ G W'^'^{Q]M.'^) and there exists a function 
fi : Ju ^ (0, +00) such that u~ = fiu^ on J„. Then the vectors au+(g') + Pu~{q') 
and u^{q') — u^{q') are parallel. Now, from the identity 

B'^{q'){w+{q') - w-{q')) = u+{q') - u~{q') 
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(6.9) 



and from (j5.11|) . we get 

VF{au+{q') + Pu-{q'))B'^{q'){w+{q') - Wiq')) = 

for all q' E Jw = Ju- This finishes the proof of (|6.8|) . 
By dominated convergence, we find 

lim / |tr((VF o ^^9^5^ - (VF o u*)QB) | rfg = 0. 
Jk 

With the short notation 

L,(g, q') = I (VF o Us)BjVw{q')B, - (VF o u*)B^Vw B\ , 

we have 

/ \M'',Ve-tT{{VFou*)B^VwB)\dq<c Xe{q - q%e{q,q') dq' dq. 

Jk Jk Jn 

As before, a function depends on the variable q unless stated otherwise. By the 
triangle inequahty, 

L.(g, q') < I (VF o Ue)BjVwiq')B, - (VF o Ue)Bj\/wiq')B\ 

+ I (VF o Ue)BjVw{q')B - VF{u*{q))B^{q')Vw{q)B\ 
+ \VF{u*{q'))B^{q')Vw{q')B - (VF o u*)B^VwB\ , 

and we get 

[ |A^>, -tr((VFon*)5^Vw5)|rfg<c{I, + J, + KJ, (6.10) 
Jk 

where 

le= [ \^wiq')\ [ Xeiq~q')\Beiq)-Biq)\dqdq', 
Jn Jk 

h= ! \^w{q')\ f \WF{ue{q' + eq))B^^{q' + eq)-WF{u*{q'))B^{q')\dqdq\ 
Jk' >^{kl<i} 

K,= f I \[{VF ou*)B'^Vw]{q')-[{VF ou*)B'^Vw]{q' + eq)\dqdq'. 

Jk' J{\q\<l} 

In the limit e | 0, we have I^ ^ by dominated convergence, — >■ by dominated 
convergence and by ()5.22|1 and — by the continuity in the mean for L} functions. 

An analogous argument shows that 



lim / \MlVe{q)\dq = Q. (6.11) 
Jk 

This concludes the proof of ()6.4p . □ 
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Remark 6.1. We use Theorem 16.11 in the following two situations. 

1) In the coordinates z = (x, y), we choose a = 0, 6 = 1 and uj{z) = 2z-^. The vector 
field in (jnH is u{z) = Vf{z) + 2z^ and 



\\u\J \\Vfiz) + 2z^\J 



is the curvature operator in ()4.2p . 

2) In the coordinates ( = {y,t), we have a function h G Lip(f2) and we choose 
a = 2h, b = —2y, and u = (0,1). The vector field in ()6.3p is m = {ui,U2) = 
{hy - 2hht, 1 - 2yht) - this is - and 

is the curvature operator in ()4.8|1 . 

7 Foliation by geodesies 

Let u G 5V(M2; n m^) and, for ^ > and q G define 

Both C([— ^, f?]; M^) and Cq{[—g, g]; M^) are endowed with the sup norm. Let K CM.'^ 
be a compact set. An £^-measurable map ^ : K ^ C{[—g, is a Lagrangian 

fiow starting from K relative to u if G Cg([— M^) for £^-a.e. q & K. By 
abuse of notation, we identify the map $ with the map $ : K x [—g,g] M^, 
s) = The fiow is said to be regular if there exists a constant m > 1 

such that 

-C\A) < s)) < mC\A) (7.12) 

m 

for all £^-measurable sets A (1 K and for all s G [— ^, f?]. 
Theorem 7.1 (Ambrosio). Assume that: 



p2. in)2^ ni roo,'7n)2. -[^2^ . 



i) ue 5V(M2;M2) nL= 
divM G L°°(R2). 

Then, for any compact set i^' C and /or a// ^ > 0, there exists a unique regular 
Lagrangian flow ^ : K x [—g, g] starting from K relative to u, unique in the 

sense that any other regular Lagrangian flow for u starting from K coincides with 
$ CT'-a.e. Moreover: 
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1) The flow is stable, in the sense that, if {ui;}o<:e<eo ^■^ a family of smooth vector 
fields which is uniformly bounded in BV(M.'^;M?) fl L°°(]R^;R^) and such that 
the Ue have uniformly bounded divergence, then Ug u in L^{M.'^;'R'^) implies 

lim / sup s) - <l>(g, s)| (ig = 0, (7.13) 

where $e denotes the flow ofu^- In particular, the mapping {q, s) i— s) is 
C? X -measurable. 

2) The flow satisfies the semigroup property 

$($(g,s),a) = $(g,s + a) (7.14) 
for all s,a E [—g, g] with s + a E [—g, g] . 

The existence statement is Theorem 6.2, the uniqueness statement is Theorem 6.4, 
the stabihty statement is Theorem 6.6, the semigroup property is Remark 6.7 in 
Ambrosio's theory holds more generally for non autonomous vector fields in 
any space dimension. 

Remark 7.1. 

1) If C M2 is an open set, K C n is compact and u G BV{n;M.'^) n L°^{n;R'^) 
with divM G L°°(fi), then there is a vector field in 5\/(M2;]R2) p L°°(M2;M2) ^jth 
distributional divergence in L°°(M^), which coincides with u in a neighbourhood of 
K. This vector field has a regular Lagrangian fiow ^ : K x [— g, g] ^ M.^ . If g > 
is sufficiently small, then, for almost every q E K, s ^ $(g, s) is an integral curve 
of u and ^{q, s) E Q for all s G [—g, g]. 

2) If N C R2 is negligible, then $~^(A^) C K x [—g, g] is also negligible. This follows 
from ()7.12j) by a Fubini-type argument. 

3) If F, G : ^ M.^ are £^-measurable mappings such that F = G C'^-a.e., then, 
for £2-a.e. q E K, F($(g, s)) = G($(g, s)) for a.e. s G [-g, g]. 

4) If F : R^ — > R is locally Lipschitz continuous, then the chain rule holds along 
integral curves of u, i.e. 

-^F($(g, s)) = VF{<l>{q, s)) ^<l>{q, s) (7.15) 
as as 

for £^-a.e. q E K and for a.e. s G [—g, g]. 

We are interested in the fiow associated with a certain horizontal vector field tangent 
to the boundary of a convex isoperimetric set C C H. Let / : D ^ R be the 
convex function in 1)4.11) . We consider the vector fields v{z) = 2z ~ V/"'"(z) and 
u{z) = v^{z) = Vf{z) + 2z^ in BViociint{D); R^) n Li^^(int(D); R^). We have 

divt; = 4 + ^,-/,, = 4. (7.16) 

The vector field v is the projection onto the xy-pla.ne of the vector field 

{x, y) ^ (/, + 2x)d, + {2y - f,)dy + {2xf, + 2yfy)dt, 
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which is both horizontal and tangent to the graph of / at ?i^-a.e. point. 

Equation ()4.2j) completely determines the geometry of the integral curves of v. 

Theorem 7.2 (Foliation by circles I). Let C C HI 6e a convex isoperimetric set 
with curvature H > and f : D ^ W be the function in ()4.1|) . Let K C int(i5)\S(/) 
he a compact set, f2 d int(D) \ he an open neighbourhood of K and g > be 
sufficiently small. Denote by^ : Kx [—g, g] ^ Q the regular Lagrangian flow relative 
to the vector field v{z) = 2z — Vf'^{z) starting from K. Then, for CT'-a.e. z & K, 
the integral curve s ^ ^(z, s) is an arc of circle with radius 1/H oriented clockwise. 

In the case of graphs of the type x = h{y, t), the result is similar. Let h : E —>■ W he 
the function in (j4.7p . The vector field 

v{0 = (1 - 2yh,,2yhy -2h), ( = {y,t) E E, (7.17) 

is in BVioc{mt{E); M^) n L^^{mt{E); M^), and 

diYV = -Aht - 2yhty + 2yhyt = -Aht G L^^{mt{E)). (7.18) 

The vector field v in ()7.17|) is the projection onto the yt-plane of the vector field 

{y, t) ^ {hy - 2hht)d, + (1 - 2yht)dy + {2yhy - 2h)dt, (7.19) 

which is both horizontal and tangent to the graph of h at Ti^-a.e. point. 

Theorem 7.3 (Foliation by circles II). Let C M. be a convex isoperimetric set 
with curvature H > and h : E be the function in ()4.7|) . Let K C int(i?)\({y = 
0}US(/i)) be a compact set, VL d int(£')\ [{y = 0}US(/i)) be an open neighbourhood 
of K and g > be sufficiently small. Denote by ^ : K x [~g, g] ^ Q the regular 
Lagrangian flow relative to the vector field v in (|7.17|) starting from K . Then, for 
C^-a.e. C, E K , the projection onto the xy -plane of the curve 

s ^ (/i(<l>(C, s)), s)) G H, se [~g, gl (7.20) 

is an arc of circle with radius 1/H oriented clockwise. 

We give two different proofs of Theorems l7.2l and l7.3l in Sections|Hland|ni respectively. 
The proof in Section |H1 is based on Theorem 16. II and on the stability property ()7.13|) 
of the flow, while the proof in Section El relies on a reparameterization argument 
involving (|7.12j) . These theorems have the following geometric interpretation. 

Corollary 7.4 (Foliation by geodesies I). Under the assumptions of Theorem 
|y.4 for all z E K , there is a geodesic 72 : [—g, g] dC with curvature H , such that 
7z(0) = (2;, /(z)). Moreover, the length of •jz is bounded from below by a positive 
constant depending on K . 

Proof. The horizontal lift of the plane curve s ^— s) given by Theorem 17. 2t 
i.e. the curve 

7,(s) = ($(2;, s), f{^{z, s))), s G [-g, gl 

is a geodesic with curvature H and with length bounded from below by a positive 
constant depending on K. By Theorem 17. 2t this curves exist for £^-a.e. z E K. The 
stated result now follows from a density-compactness argument. □ 
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Analogously, we have: 



Corollary 7.5 (Foliation by geodesies II). Under the assumptions of Theorem 
\7.3[ for all ( G K, there is a geodesic 7^ : [—g, g] — > dC with curvature H , such that 
7c(0) ~ (^(OjO- Moreover, the length of is bounded from below by a positive 
constant depending on K . 



8 Approximation argument 

We prove Theorems 17.21 and 17. HI using the stability property ()7.13j) of the flow and 
the stability property ()(i.4|l of the curvature with respect to smooth approximations. 



Proof of TheoremVT^ For e > sufficiently small, the mollification of / is defined 



in some open neighbourhood of Q. Let f ^ = 2z — Vf^. From ()7.16|) . it follows that 

divf£ = divf = 4 in f2. (8-1) 

In particular, divf^, divf G L^{Q). Note that, by Proposition 13.71 there are con- 
stants 6 > and Eq > 0, such that \V fe{z) + 2z-^\ > 6 for all z G and < e < Eq, 
and \Vf{z) + 2z^\ > 6 for C^-a.e. z e Vt. Let F G C°°(M2.k2-) ^ mapping 
which satisfies fl5.1()|l . We define = F o ti^ in f2 and w = F o v m. i\ii{D). Then 

We = Ve/lvsl and w = v/\v\ in Q. Moreover, 

divw^ = H (8.2) 
in the weak sense, by Proposition 14. II and Corollarv 15.21 

Denote by $£ : if x [-g, g] the flow of Ve- We have ^e{K x [-g, g]) G fl when 

g is sufficiently small and < e < Eq. Denote by Je{s) = J^e{-, s) the Jacobian in 
the z- variable of the fiow. Jg satisfies the differential equation = divVsJe, where 
the dot denotes the derivative with respect to the variable s. We find 

Meiz, s) = e^' for all s G [-g, g]. (8.3) 

We define the curvature function : K x [— ^, f?] — > R to be 

He{z, s) = divw^($£(z, s)) for all z e K and s G [-g, g]. (8.4) 

For z & K, the integral curve s 1— > ^e{z, s) is of class C°°. The unit tangent vector 
Te{z, s) = F{^e{z, s)) = Wei^eiz, s)) Satisfies the equation 

Te{z, s) = —He{z, s)Xs{z, s)Tf{z^ s) for all z G K and s G [—g, g], (8.5) 

where Xs{z,s) = [^^(^^(z, s))|. From ()8.5|) . we obtain 



(8.6) 
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for arbitrary test functions (p G C^((— q)\ M?) and ip G Cl{K). Our aim is to prove 
that 

r re ^ 



J ijj J' ^^T-ip-HXT^-ip^dsdz = 0, 



with T{z, s) = w{^{z, s)) and X{z, s) = \v{^{z, s))\. 

We need some prehminary observations. By the stabihty property ()7.13|) of the 
Lagrangian flow, there is a sequence {efcjfcgN such that Sk I and $ pointwise 

almost everywhere in x [— g, g] . We claim that 



k—foo 




lim / / \w£i, o — w o ^\ ds dz = 0. 



KJ-e 



Indeed, by ()8.3p . we have 

/ \w£o - w o dz < e~'^^ I \we-w\dz, (8.9) 
Jk Jq 

and the right hand side of ()8.9j) goes to zero. Moreover, we have 



fe— »oo 




lim / / \w o - w o ^\dsdz = 0. (8.10) 



K J-Q 



Indeed, let r/ > be a positive number and choose a vector field w G Cc(^; 1^ ) such 
that ||w — w||Li{n;M2) < 77. Denote by || ■ || the norm in L^{K x [—g, g]; M^). By (I7.12|l 
and ()8.3|) . we have 

11^0$^ — ifo^ll <||wo<I)£— tyo^^ll + ||iZ;o<|)£— tt;o<|)|| + ||it;o<|) — ti;o<I)|| 
<C?7 + ||w o — w o $11, 

where c > does not depend on e. This finishes the proof of (j8.8p . From (j8.8p . it 
follows that 



lim I I H\ T'^ ■ Lf ds dz = / ip / H\ T'^ ■ Lpds dz, 

lim '^Ek ■ 'pdsdz = I ip T ■ (pdsdz. 

k^°°JK J-Q Jk J-e 

Finally, performing the change of variable z ^— ^e{z-, —s) with area factor given by 
fj8.3|) . we obtain 

I \{div w^) o - H\dz<e-^' [ \diY - H\dz, (8.12) 
Jk Jn 

for any s G [—g, g]- Due to ()6.4j) in Theorem 16 . 1 1 with a = 0, 6 = 1 and u = 2z^, the 
right hand side of ()8.12|1 converges to as e | (we have Ai = div). From ()8.12j) . 
we deduce ^ 

lim Ip {He,Xe,-HX)rj-ifdsdz = 0. (8.13) 
i^^'^Jk J-e 
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Now, (jHZZD follows from (IHTTjl and (jHH). 

Since tp G Cl{K) is arbitrary in (jS.Tj) . we deduce that the equation 

r \v{z, s) ■ 0(s) - H\{z, s)T^{z, s) ■ ip{s)\ds = 0, (8.14) 

holds for C^-a.e. z E K and for all ip G C^((— f), f)); M^). Now, by a standard 
argument, we conclude that for £^-a.e. z E K we have 

t{z, s) = -HX{z, s)T^{z,s) 

for a.e. s G [—g, g], where \{z,t) = \v{^{z,t))\ = |$(z,t)| is the length factor of the 
curve s \—>- ^{z, s). Then ■) parameterizes an arc of circle with curvature H. 

□ 

Proof of Theorem \7.3\ For e > sufficiently small, the mollification he of h is defined 
in some open neighbourhood of fl. We consider the vector fields 

Ve= (1- 2ydthe, 2ydyhe - 2he) and = {dyh^ - 2hedthe, 1 - 2ydthe). 

Analogously, in mt{E), we can define 

f = (1 — 2yht, 2yhy — 2h) and u = {hy — 2hht, 1 — 2yht). 

By Proposition 13.81 there are constants 5 > and Eq > 0, such that \us\ > 6 in Q 
for < 5 < £0, and \u\ > 6 £^-a.e. in fi. Let F G C°°(M^; M^) be a mapping which 
satisfies (jS.lOp . We can define the vector fields = F o in Q and w = F o u in 
int(i?). Then = Me/|Me| and w = u/\u\ in Q. 

Let Ai be the differential operator in with a = 2h and b = —2y. By Proposi- 

tion 14.21 and Corollary 15. 3[ the vector field u satisfies 

m(^-I^^=H inQ, 

in the weak sense. A direct computation shows that 

Mu^ = 2ht{l + 2yht) G 
Moreover, from ()7.18|) . we get 

divfe = —Adthe in Q, 

and there is a constant c > such that |divwe| < c in f2 for all < e < eo- Let us 
denote by $e : x [—g, g] — > the fiow of Vg. As in the proof of Theorem \7.2\ 
g can be chosen in such a way that ^e{.K x [— f), f?]) C for < e < eo, and the 
Jacobian of $£ satisfies 

ci < J^eiC, s) < C2 for all C G and s G [-g, g], (8.15) 
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with constants < Ci < C2 which do not depend on e. 

Let s I— >• T^{C,, s) = s)) be the unit tangent vector of the projection onto the 

xy-plane of the curve s 1— >• [he{^e{C^ s)), $£(C, s)) G H. This tangent vector satisfies 
the equation 

t,{C,s) = -H,{C,s)K{C,s)Tj{C,s) for all C G and s G [-f?,^], (8.16) 
where : K x [—g,g\^M.is the curvature function 

H,(C,s)=m(^){<!>s{(,s)), (8.17) 

and Xe{C,s) = |Me($e(C, s))|. The proof of formula ()8.16|) is postponed to Section 
where it is proved under weaker regularity assumptions (see the proof just before 
formula (031)). 

As in fj8.6|) . we arrive at the integral equation 

\T,-ip-H,X,T^-ip'}dsdC = 0, (8.18) 

with ip G C^{{—g, g); M^) and ip G Cl{K). Now the proof runs along the same lines 
as the proof of Theorem 17.21 above, and we can omit the details. Theorem Ifj.ll is 
used with a = 2h, b = —2y and a; = (0, 1). □ 




9 Reparameterization argument 

Let C be an open set and let f be a vector field such that 

V e BV{n;R^)nL'^{n;R'^) and divv e L'^{n). (9.1) 

The function v is defined pointwise, i.e. we choose a representative in the equivalence 
class of V. Our results hold independently of this choice. However, there is an 
exceptional set of points which may a priori depend on the representative. 

Given a compact set i^' C f2 and a sufficiently small g > 0, there exists a unique 
regular Lagrangian flow ^ : K x [— g, g] —>■ Q starting from K relative to v (Theorem 
17. 1|) . Let A : i7 ^ M be a measurable function such that 

< ci < A < C2 C'^-a.e. in Q. (9.2) 

Then, for C^-a.e. q & K, the curve s ^ X{^{q, s)) is measurable and 

Ci < A($(g, s)) < C2 for a.e. s G [—g, g]. 

Thus, for £^-a.e. q E K, the change of parameter cXg : [— f?, f?] Wq{—Q),<^q{Q)] 
defined by 

a,{s)= rA($(g,0)c?e 
^0 
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is bi-Lipschitz, strictly increasing and admits therefore a bi-Lipschitz, strictly in- 
creasing inverse Tg : [o'q{—g),crg{g)] [—Q,q], which satisfies 

for a.e. s G [aq{-g),ag{g)]. (9.3) 



^Ms)) A($(g,r,(.))) 



Consequently, for £^-a.e. q E K, the curve 7, : [(Tg{—g), o-q{g)] — > fl defined by 

7,(s) = $(g,r,(s)) (9.4) 
is absolutely continuous and satisfies 

7,(^) = ^|^ foTe..e.se[ag{-g),crg{g)], (9.5) 

i.e. 7g is an integral curve of the vector field v/X. 

Theorem 9.1 (Chain rule for integral curves). Let Q C be an open set, 
let K (1 Q be a compact subset, let w G W^'^lQ-jM."^) and let g > be sufficiently 
small. Then, for C'^-a.e. q & K , the curve ^07^ with 7^ defined in ()9.4|) belongs to 
^'^'^i.{.'-^qi.~Q)i^q{Q))')'^)! weak derivative is {Vw 07^)7^. 

Proof. Let {wfcjfceN be a sequence of smooth vector fields Wk G W^'^iVL] M^) converg- 
ing to w in W^^^{yt-R^). Notice that the map (g, s) 1— >■ w($(g, s)) is measurable and 
integrable. By Fubini's theorem and by the bounded volume distortion property 
fj7.12|) of the fiow, we have 




\wk{^{q,s)) -w{^{q,s))\dsdq<m I I \wkiq) - w{q)\ dqds, 

KJ-q J~gJ'S>{K,s) 



and 



/ / \{Vwki^{q,s))-Vw{^{q,s)))vmq,s))\dsdq < 

J K J-n 



< ll^lloo / / \Vwkmq,s)) -Vw{^{q,s))\dqds 
J-Q Jk 

< '^ll'i^lloo / / l^Wkiq) ~ 'Vw{q)\ dqds. 

J-Q J<!>{K,s) 

Notice that the curve s t— > Wk{^{q, s)) is Lipschitz, for all G N and for C^- 
a.e. q E K, with derivative s 1-^ Vwk{^{q, s))v{^{q, s)). Passing to a subsequence 
and relabelling if necessary, we conclude that 

lim Wfc($(g, ■)) = w^q, ■)) in W''\i-g, g); R^) 
for £^-a.e. q E K, and that the weak derivative of w(^{q, ■)) is Vw{^{q, •))v($(g, ■)). 
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Let (y9 G C^{{(Tg{—g),aq{g));M?). Combining the previous observation, (j9.3p and 
(|9.5|) . we get 



Hence w o •jg e W^'^{{(Tq{—g), (Tg{g)); M^), and its weak derivative is (Vw o 'yq)iq. 

□ 

By means of Theorem 19. ![ we can now prove Theorems 17.21 and 17.31 

Proof of Theorem\T^ We have v{z) = 2z - V f^{z) G BV{VL- M?) n B?) and 

divw = 4 (cf. dnH)). The function \:VL^R,\ = \v\, satisfies < ci < A < C2 
a.e. in Vt by ()3.6|) . By CorollaryOl the vector field w = v/X belongs to W^''^{Q; M^), 
and divw-^ = H C^-a.e. in Q by (lO) . 

Let 7^ : (cr^(— f?), 0"2(f))) Q, be the integral curve of the vector field w defined 
in ()9.4|) and satisfying ()9.5p . We claim that 7^ parameterizes an arc of circle with 
curvature H. Since $(z, ■) is a reparameterization of 7^, proving the claim concludes 
the proof of Theorem 17.21 

By Remark l7.H the following identities hold a.e. in {(Jz{—q), <^z{q)) for £^-a.e. z ^ K: 

i) \w o 7^1 = 1, 

ii) {widxWi + W2dxW2) 07^ = {widyWi + W2dyW2) o 7^ = and 

iii) (div w"*-) o'^z = H. 

By Theorem l?ni we find that 7^ G (^^(^)). ^2^, ^-^^^ 



Moreover, by i), we also have % ■ 7^ = a.e. in {cr z{— g) , cr ^{g)) ■ Then 7^ = —H'j^ 




72 = (Vw o 72)7^. 



(9.6) 



Using ()9.6p . ii) and iii), we compute 



72-72 = (-div w ) o 7^ = -H. 



a.e. and this implies that 7^ is of class C°°. The claim follows. 



□ 
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Proof of Theorem\T^ The vector field v in (fTTTjl is in BV{n; R^) f] M^) and 

satisfies divt; = -Aht E (cf. ^TTB))- 

We denote hj u = {hy — 2hht, 1 — 2?//;,f) the projection of the vector field ()7.19|1 onto 
the xy-plane. The relation between v and u is 



1 
2y -2h 



u. (9.7) 



In fl9.7|l . we think of v and m as column vectors. The function A : — M, A = 
satisfies < ci < A < ca C^-a.e. in by (jSll)- Let F e C°°(M2;M2) be a mapping 
which satisfies fIS.lOp (with ci in place of 6). We consider the vector fields v/X and 
w = F o u in Q. Then w = u/\u\ a.e. in We have w G ^^"^'^(fi; M^) by Corollary 
Oand v/X G W'^'\n;R'^) by Corollary O 

Denote by 7^ : [o"^(— f?), o"f(f?)] ^ ^ the integral curve of v/X defined in fl9.4|) . Then 
the curve s 1^(7^(3)) belongs to W^'^{{a(^{—g),(7i^{g))]M.'^) for £^-a.e. ( E K, and 
its weak derivative is equal to (Vw o 7,^)7^ fTheorem 19. ip . We claim that 

Vw^ = -Hw^ £2-a.e. in Q. (9.8) 
A 

Indeed, using 1)5.111) . we compute 

Vw^ = (VFou) Vu^ = -\r(u^ (g)U^)Vuv 
X X \u\^ 

■{u^ ■ {Vuv))w^. 



\u\ 



On the other hand, from ()4.8|) . we have Aiw = H in Q, where is the differential 
operator appearing in ()5.9|) with a = 2h and b = —2y. Using ()5.11|) and the notation 
from ()6.1|) . we get 

Mw = tr((VF o u)VuB) = ^tr((u^ O u^)VuB) 



\u\ 

Using ()9.7|) . by a short computation, we find 

■ (u^VuB) = -u^ ■ (Vuv), 

and this ends the proof of ()9.8p . From Remark m| it follows that the identity ()9.8|) 
holds along £^-a.e. curve 7^. Hence, by Theorem 19. II applied to w, we have 

— (w o 7^) = — i/(w-'- o 7^) (9.9) 

(JjO 

in the sense of weak derivatives. 

The projection of the vector field ( = {y,t) 1-* {h{(),() onto the xy-plane be- 
longs to W^'^{Q;R^). Denote by : [cT(^{—g), ai;{g)] the projection of the 
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curve (/i(7^),7^) onto the xy-plane. This projection is a reparameterization of 
the curve in (|7.2(jp . We claim that /t^ parameterizes an arc of circle with curva- 
ture H oriented clockwise. By Theorem 19.11 for £^-a.e. C, E K , we have k,^ G 
^^'^(('^c(~^?)' '^c(^'))' -l^^)' ^ short computation shows that the weak derivative 
of K,^ is = w o 7^. From ()9.9|) . we deduce e W'^'^{{a(^{—g),(r^{g))]M.^) and 
= —Hk^. This implies that is of class C°° and the claim follows. □ 

10 Characterization of convex isoperimetric sets 

In this final section, we combine the geometric description of the characteristic set 
of a convex set (Theorem 13. 5|) with the "foliation by geodesies property" of the 
boundary of convex isoperimetric sets f Corollaries 17.41 and 17. 5|) . in order to prove 
the Characterization Theorem ll.il 

Proof of Theorem M . 1\ According to Theorem 13.51 the characteristic set of a 

convex isoperimetric set C admits a disjoint decomposition = S~ US"^, where 
S~ and S"*" are two closed, horizontal segments. The curvature H oi C scales like 
1/A with respect to the dilations A > 0. Thus, we can assume H = 2 without 
loss of generality. 

Claim 1. For all p G dC \ S(C), there is a curve of maximal length passing through 
p and contained in dC whose projection onto the a;y-plane is an arc of circle with 
curvature H. One endpoint of the curve belongs to S~, the other to S+. 

Let / : D ^ R be the function in ()4.1|) . and let /i : — M be the function in 
()4.7|) . Using an isometry and a left translation in the y direction if necessary, we 
can assume that any point p G dC \ S(C) is either of the form 

1) p = {z, f{z)) for some z G int{D) \ or of the form 

2) p= (/i(C),C) for some C e mt{E) \ {{y = 0} U 

Then the existence of a piece of geodesic with curvature H passing through p and 
contained in dC follows either from CoroUarv 17.41 or from Corollarv 17.51 The exis- 
tence of a curve with maximal length whose projection onto the xy-plane is an arc 
of circle with curvature H follows from a compactness argument. If one endpoint of 
the maximal curve does not belong to S(C), then a continuation argument involv- 
ing the Uniqueness Lemma 13.91 provides a proper extension of the curve, which is 
impossible. Finally, the endpoints of the maximal curve cannot both belong to E~ 
or S+. This follows from our discussion of geodesies in Section |21 

Claim 2. The closed horizontal segments and S+ are points. 

Suppose by contradiction that S~ is a closed, horizontal segment of positive length. 
After an isometry and a left translation, we have = |(0,?/,0) G H | \y\ < yo} 
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for some > 0. Since the horizontal planes Hp^ and H_pg with Pq = (0,?/0)0) are 
supporting planes for C, we have 

nH^p^. (10.1) 

Claim 1 combined with an approximation-compactness argument shows that there 
is a geodesic 7 : [0, L] dC parameterized proportionally to arc-length, with 
curvature H = 2 and such that 7(0) = 0. We have 7(0) = (a,/3,0) for some 
a, /9 G M with = 1/2. Assume a = and /3 = 1/2 (if a 7^ 0, the proof is 

easier). Then, by ()2.4|1 . 

7(5) ~ ~ "^"^^ s,s — sin s) G 5C for all s G [0, L]. 
However, for any cq > 0, there is 5 > with 

s — sin s < Co(l — cos s) for all s G (0, 6). 
This contradicts (jlO.lj) . 

Claim 3. Up to a left translation, the set C is of the form ()1.8|) . 

After a left translation, we can assume that = {(0, —7r/2)} and that S+ = {(-2,^)} 
with t > — 7r/2. This forces z = and t = 7r/2, otherwise there would be at most 
one geodesic with curvature H = 2 connecting to S+ and, by Claim 1, this is 
not possible. 

We claim that G int(L'). If, by contradiction, G dD, then {(0,t) G H | |t| < n/2} 
is contained in dC. But there is no geodesic with curvature H = 2 which starts 
from E~ and passes through a point (0, t) with \t\ < tt/2. This contradicts Claim 1. 

For all z G dD, there is a geodesic contained in dC, with endpoints (0, — 7r/2), 
(0,7r/2), and which passes through {z,f{z)). The projection of this geodesic onto 
the xy-plane is a (full) circle with radius 1/2 passing through the points and z. 
Hence dC contains the surface of rotation around the t-axis generated by the curve 
()2.4|1 . and the claim follows. □ 
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